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A/~.$/111[  /— Analytical lIoLIod\ on lhc performance of colI-
calmald  codes 00 a Ircc strodorc  arc ohtaiocd. AoalJ lical
rwulls arc applied to examples of paralld concatcmtioo of
two codes (torl)o cocks), serial concakmtion  of two codes,
hyhrid  coocakoatioo of thrw codes,  and self concatenated
codes, owr AW(; N and Miog  channels. llasd  on the anal-
ysis, design criteria for the selection of componcot codes are
prwcntcd. Asymptotic rcsulls for large intcrlcawrs arc ck-
tcmkl  to hll’SK modolatioo$ owr A\VGN  and Raylcigh fad-
iog chnoocls. Simulation resolts arc only givco for cx:implcs
of coded modulation and fading clmoods.

1. introduction

‘1’LItbo  codes  p roposed  by  ]lcr’f’ou  c1 a], rqx’e-
sent  a  recent  breaktbrougb  in cdinx  tbcory  I I],
wbictl  has  stilnulatd a large  amount  of n e w  fe-
scarcb.  “1’hcse codes  are p{isn[[c[ coticatcmtd mtl-
vdf{liot/f//  codes (} ’CCC)  whose  encoder is formed
by two (or m(m) co}~.rfitf[c~lt systematic encmlcts
joined tbrougb  one (OI more)  ink.rlcavers.  Analy&
ical performance bounds  for PCCC  with uniform
i ntcrlcaver  and maximum I i kclibod t ccciver  w’cw
obtained in [2], and [3] for AWGN channel, aad
in [4] for Raylcigb  fading channel with binary mm-
ulat ion

Parallel concatenated convolutional codes  yield
vet-y large  cmlinp, gains ( 1(L I I d})) at the expense
of bandwidth expansion. ‘1’tdlis coded  modulation
(’I’CM) propcrscd by Ungerboeckin  1982 [5] is now’
a \\’cll-cst:ibl  istlc(l technique in digital cmnmunic:l-
tions.  In csscncc, it is ziteclll~i(lLlc  t(~(~bttlitl  signif-
icant coding  gains (3-6 d]])  sacrificing ncilbcr  data
r-ate nor banclwidtb.  in [6] and references tbew  for
prim v.mk,  ‘1’CM  was merged  wi th  POX in (w-
dcr to obtain lat-gc coding  gains and high bandwidtb
efl-lcicncy. It is called parallel concatenated trcl-
Iiscodccl modulation (l’C’l’CM), also addt-esscd as
“turbo’ 1’CM”. I,atcrwe considcrccl  mcrgingrl’CM
with the recently discovcl-ed  .velif/l cowfI/cna/cf/
co)liwl!{limial  coder (SCCC)  [7]. We refer to tbe
concatenation of an outer  convolutional code  with an
inner I’CN4 as serial concatenated ‘1’CM  (SC’1’CM).

in this paper wc propose a design mcttml for

turbo trellis coded  modulation and set-ial trellis
coded  modulation, over Rayleigb  fading channels
for mobile  c{~l~~l~~Llt~ic:tti(>r~s. Ncw concatenations
of three  cocks,  called  /lylJrid mnrfltf’mlfd colllIo-

Iu[ioflal  codes (1 lCCC),  and their special case,  .w~
cc~I/c(/fc’//(C(~’~/  codes’ arc introduced, analyi,ecl,  and
design rules  fortbcse c{)clcsarel>rcsetlte{lz.

2 .  Al]alytical l\oLlilcls otlti~e I’erfc~r[~~ailceof
Codes over AWGN ancl Fading Channels

Considel a Iincat  (n, k) block code  C with code  rate
R, = k/t/ and l~]it]itl~lllll clist:lllcc}~,,,. A n  u p p e r
bound on the bil-crmr probability of tllc block  code
C over Incmory]css  binary-input channels, with co
hcrcnt  clctcctirm,  and, using  maximum likelihood
decoding, can be crbtainecl as

whcm  f;/,/iVO istllcsigrl;[l- to-rlCliser litiolJ et-bit, zirlcl”
A$,,,, for tbc block code  C represents tbe number of
codcw’(wds of tbc block code with outpat  weight  //
llss(~ciz(te(l t~, itll:it~it~l~llt  sc(lllel~ccof~t!cigllt  u). A$;},
is the input- output  weight cmfficicnt (1 OWC). ‘1’t;c
function /)(. ) represents tbe paitw’ise error proba-
bilitywhicb isiil~~or~(~tot~  icclccrc:isit~g, fllt~ctior~of”
the signal to noise ratio and tbe output  weight  //.
I:(M AW(iN  cbanncls  W’C  ha\’e l)(R, [;I,/No,  h) ==

IQ({2R, II 1~1,/N~). l;(lrf:iclit~g ct~:ltlt~cls,:lssllt~ ~ir~g
ccrbcrmt  (letcctiotl,: tr](l~~crlcctC t~allllcl State lnfor-
mation  (CS1) the conditional paitw’ise  crmr prob:l -
bility  is given by . r-

‘1’ile Q funclion  can be represented as [ 10]

‘Ih obtain  tbc unconditional pairwisc  error probabil-
ity, wc havcto avcmgcover the joint density function



of’ fading  samples. lk)r simplicity, awLImc itdcpctl-
dent Raylcigb  fading  samples. ‘1’bis assumption is

v:]] id if we mw an intet-leaver alkr the encoder ad
a dcinterlcaver before  tbe decoder.  ‘1’bus the I’uding
samples p, m i.i.d, tandem variables with R:\yleigll
density of’ the form ~(p) = 2( M- “2. Using ( I ) ,(2),
(3) and results in [ I I], by averaging tbc conditional
bit cl-ml rate  over fading we obtain

W e  can furlbcr  upper  bound  the above  result  and
obtain  [ 11]

All these rcsLllts apply to cot~vol  Lltional  codes  as
well,  if\vecoostt-LJct  an eqLJivalcl]t block  codc  from
ttlccolll’o]Lltio lla!c(J(le. ~b\’ioLls!yr  csLl]ts:ll>p[y: ~[so”
tocotwzrlcnatcd  codes  incl Lding p a r a l l e l  aml s e r i a l

c o n c a t e n a t i o n s  aIKl  otbci types  oticmlc cmK-alfxl:I-

tions discLlsscd in this papct. A s  s o o n  as we (~b-
Iain tbc inpu-output weight cmflicients  A:,,}, for
a particular concatem:  ited code, we can cOInp LItc its

pet f’ormance.

‘Ihe average  IIIPLI1-OLIIJILI1  Welgbl COCfi’lCielllS  Aj,},
10 I q cm~catcnated  codes  with q - I itmrlcavm
can be obtaind by avctagins (1) over  all possible
interlcavers. ‘J’bis average is obtained by replacing
tlleactLlal  itllillterle:lver(i = 1,2 . . . ..q -- I), tbat
I>ctfc)rl~~s apel!llLltatiotl  oftllc N, it~I>Lltbils,witiltitl
absttact illtcrle:l\~cl-c:tllccl u[liform  interkwcr [2],
defined as a probabilistic dcvicc  that maps n given
itlpLlt word of weight  v) into all distinct (~;) pemlLl-

ttttic)tls C) fitw’ittl cclLlal  l>l”(jb:ltJiiity J)=: l/(~;).
lJc~r:t c(~t~c:ller~atc(l cc)clcwitll  qcocies:lrlclfl  - I

Llniform interlea\ws, each corlstitucrlt  code  C:, ; i c

~1.[ = {1,2, . . ..q} is[>rcce(iccl bya Llt~ifc)rtll  intcr-
Icavcr  of size  N, except say C; I wbicb  is not plc-
dcd by an intcrleaver,  bLlt it is crmncctd to the
it)pLll, ]kfinc tbc sLlbsets o f  tbc  Sd s<, b y  s ,  =-
{i E .S<, : Cl cc)llrlectecltoirlpLlt  ], .!(, = {i C s,, :
Cj cor]t~cctecltc)~ll:ltilicl  ],:itlcl itscofll[>lctlletlt  F(,.
Mritl]tl~e kt~c)wleclgc (~ ftl~c A~:,,,,  f{~rtllec(~r~stitLlet~t
codes using  (be concept of uniform illtcrlcavcr,  lbe
Ac’ j`()r;l c(lllcalctlatcc[  cc~c[c, \\ittlt recstrLlctllrC(scC11’,/)
};ig. l),cat~t~cc~bt:iitlccl  as

Note tb:lt ~J~i = u]; i < s,, and ll~j = }1; if Ci is
connected to C;,, by intcrleavcr  Ni.

w

l~lg.  1. [{ Aillll[llc  ofc(lllc:l(cllatc(l  c(l(lcf  \villlllcc s(l'Llc(Lllc.f,  =

(l,2,7j, \,,= (2,4,6,8,9)

Iksign of concatenated codes is bawd  on the
asy!nptotic’ bcbavior  of tbc Uppct-  boLlnd in (1) af-
tetrcplacing A$, , in (1) with the resLllt obtained in
(6) fot-latge interlcavcrs. ‘1’he reason  fort bcgood
pcrlw  (n:lncc of concaten:kd codes  with itlpLlt block
size  of N symbols is that the r~omulli~cd  coefficients
A$,,,, /Nclectc:isc w’itllitlterlcavcr  si~e. Ikwagivcn

signal  10 noise ratio  and Iargc interleavcrs  tbc max -
illlL[ln cmpcmcnt of A:: /1 /N over all irlpLlt weights
UJ and OLllpLlt  w e i g h t s  h. is pr”oportiona] to N“*r,
w i t h  corresponding rnitlimum output wcigbt /r(aAl).
IfaAf < 0 tbcn for a given SNK tbc performance
of conc:ltcnatd code improves as the input  block
size is itmcascd.  It’ the it~pLlt block  si~e increases
tbcn tbc size of intcrlea\’ers  Llsed in the cmlcatcnatcd
coclcsllc)lll  cl:ilsoit )crc:lse.”  Wbcna~~  < Ow,c say we
have  “interlc-aving gain”. ‘1’he  more negat ive isaAf

the more  it~tcllc~l\’ir~ggair~  wecttn obtain.  In order
to cmnpLlte cffi~ we proccccl as follows.  Gansidm  a
rate  R = ~~/tlc(jrl\,c)l L]tior~alcc)clc~ \vitll memory  u,
and itscq Llivaler]t (N/h’, N– pu) block  codewbme
cmlcwmds  arc all scqLlencesof  length  N/R bits of
tllec(ltl\’(~lLltiotl:ll code startitlg  from ad endirl~ at
the Ycrostalc.  Ily definition, tbccodcwords  of the
equivalerlt  block  code arc ccmcatenaticms  of er ror
e\’ct~ts c) ftllcc(~tl\’c)l Lltiot~alcocles. ” let A~\,, i bctbc.,
it]pL1l-oLltpLlt \\,eigllt  cocfllcictlts gi\rerl that tbccom
vol Lltiorlal code  generates j error e\’ctlts with total
i!l[>Lll \\'eigtlt  n], :lrlcloLltl)Llt w'cigllt ll(sec1:ig.2).  “1’be
A,,,, },, i ac(u:illy  rellrcsetlts  ttlclllltllbci”  ofseclLlellccs
ofweigbth,  irlpL!t  weight l~j, arl(!tt]c  lJLllllbcrofcorl-
catenated emr events j w’itbo Llt any gap between
tbcnl,  sta[-tingat  tl~cbcgitlllir~ gc)ftl~ct~lc)ck.  Iior N
rnLlcll Iargcr  thar] the rncrrwry of the corlvol Lltimml
code, the coefficient A~~,, o f  the cqLlivalcr~t block
cmlccarl bca]~]>roxil~~titccl by

where  l/M, the Iwgest  nLlrnbcr  of error  events  corl-
calcnatd ill acodew(ml  ofwcigbt h ardg encrated
by a wcigbt  u) it~pLlt sequmce,  is a fLltlctiot~  of h and
rl) that dci~crds  011 tbe encoder.
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lIg 2 A code scqucnu.!  111 A$,,, j

‘Ihe large N assLlmptiot} permits neglecting the
Icngtb of CIKW evcn[s  compared  to N ,  which  also
implies tb:ll the  nLImbcI  of ways j input sequences
producing  j error  events  can be arranged in a register

( )
01 length  N is  ~~” . ‘lhc  ratio N /IJ cletivcs  from

the fad that the code has rate  p/tl, ard thus N bits
corresponds to N/p inpLlt symbols or, equivalently,
tt-cllis steps.  We are interested in large illlcrleavct
lengths  ard tbLls LISC 10I the binomial coefficient  tbc
asymptotic appr-oxirmrtiot)

()N NI
w _.–

j

“1J.

SLlbstitLltiorl  of this :I[l}lroxillliitiotl”  irl the previoLls
eqLlation yields

~;itlai!y, sLlbstitLltillg  (g) Ill (6)  for each  Constitllcnt
code,  and then the  rcsLIlt  in ( I )  g ives  Itte bit-etml
probability bolrrd  in a desired form for’ design  of
concatcnalcd  codes, from which V,IC ohtdin

wbcr”c j, denotes the nllmber  of concatenated error
events  for code  C;. Q)mpLltation  of al~ d e p e n d s
ot) the cm]catcnzrtccl cock stl uctLlrc and constituent
codes.  Next wc obtain  Af’ ~, using (6), and aM, Llsillg
( ] ()), to compLlte LJpi~cr bo’Llrds, and design  rules  for
the following concatenated codes.

3. Parfrllcl  Concatcnatecl Convolutional ~o(lcs

‘J’he  StlUCt Lll”C  O f  a I?:ll:l!iC]  C(MlC21tCll:ltCd  C(MIV()]lJ-

tioml c o d e  (PCCC) or “turbo code”  is  shown in

l;Ig. 3. l;igLlrc 3 refers  to the case  of t w o  convo-
lLltional  Cdcs, urdc ~r wi th  ra te  R: = p/(11, :Illd
code ~z with rate  R: = IJ/qz,  where  the constituent
C(XIC ir~pLlts are joined by an intcrlcaver  of lcr~gtb

N, generating a PK~, ~~1),  with rate  R, =- +$”?.

Note that N is an integer  n] LlltiJ]lc of p. ‘1’bc ‘inp{lt
block length  k = N, and the oLltpLlt  c(dcwor”d lcngtb
)i = HI + )q as sbmvn in IJig. 3.

I To modurator
and channel

Mg 3. PWLIIICI  chIlC;lkmL4  C’onvolution;ll Codes (POT)

cLir~ bc obtained as follows.

(11)

wbcrc  Af,~/l,,}l: is tbc number of codewords of the
I’M(I with outpLrt weights II r ,and h? associated with
an inpLlt sequence of weight u).
I~M{)/yJlc 1. consider a r-ale l/2 PCCC  Iortllcd  by two
identical 4-stak corlvol Lltional codes:  fldc C;I with
rate 2/.3 atd c(de C’2 with rate I/1 (this is obtained by
not sending  the systematic bits of the rate  2/3 (;2 con-
volutional  cd). l’bc  irlpL]ts of encoders arc joined
by a ur~iforln in(crleaver  of lengths N = 50, 100 ad
256. IIotb codes arc syskmatic  and rccLlt-sivc, and
arc sbowrl in l~i,g. 4. (Jsing  the previously oLltlincd
ar~alysis for POX, we have obtained tlic bit-error
prx)bnbilily  boLlrds s h o w n  in };ig. 4. ‘1’be perfor-
mance  is shown both for AWGN  ad Raylcigb  fd
ing cbanoels

\\
N  11’[

‘ \

I Capac,ty Capaclry  of
1 c+ of A W G N  Raylmgh  Fad, ng

O?dFi 18dFI
/ / N . InF,ut block size (b(k)

10g}J-rlf.,.r,r, ,-, -,r.

0 1 2 3 4 5 6 7 8  9 0

E~o, dB

lIg 4 l’cIl{~I  III: IIIccc>frLItc’  l/21’CCC o\c[Al\’C; N:!r](l R:lylcigt]
Fxllllg ch:lllllcl\

Llsit]g (lo)weo  bt:lit]tl lefc)llowil]gresl  llts. lfbotb

cot~\,olLlti(Jtlitl” codes a rc  rccLlrsivc ttmn aM S - 1.
At~y other  choice of encoders rcsLllts it) cyM > ().
‘lhLls, fot all II = Ill - 1  h2 , the coctlicicnts of [be
exp(ments  io h dccw:iw with N, and wcalwaysbavc
all ill[rdcclt’ill,~ ~f[itl [2].

Iktinc d,, t, C/l a< the minimum Wcidlt  of’cC~Clc-
\\’(~rLls(~f:lreclltsi\rc  code  ~i, i = 1, ?.gcrlcrated  by
wwigbt-2 itlpLlt squcnccs. Wc call  it the cfl’cctive
t’Icc }lalllrnit~g distance of’ a rccLrrsivc corwolLltional



code.  ‘lb maximiye  the inlerlcf[t’itl~ gfli}l, i.e., miw
I mi/e N“Af corresponding 10 oLllpLJl weight  11 I (U M),
:Illd h2(CKM) wc should  maxinlim t h e  d,, j,(,jj, i =
1, 2. ‘l’he S11[1) dl, /,,// + (/2,,,,// r’qwescnts  t h e  e f -
fective free distance of the turbo  de. ‘1’bus, sub-
s(itLlling t h e  e x p o n e n t  uAf i n t o  t h e  e x p r e s s i o n  {Or’

bit error  rate  (5) approximated by kccl)ing  only the
term of the sunlmation  in 1~ I, and 112 uwrcsponding
to Al = hi (LYlf),  ml hz = hz(uM),  yields

r, 1[/1 /  .// -1 d: /,,//

where  B is a constant independent of N.

4. I’arallcl  Ccmcatcnatd  ‘1’rcllis Coded
Modulation

‘1’bc basic  Structllr’c of paralld Cmwatcnatd  trellis
cmlccl modulation is shown in };ig. 5.

--———r+ not sen(

[’lg. 5. Block  l)i:igrml  of the [’kmlcr for Pardld  CoIIC:Ilcn:I~Nl
1 tcllis CO(IC(I Modulnl ion

‘ Ibis  StILICtLllC  LISCS  two 121(C ~;;j const i tuent  cOn\’()-

Iulicmal codes. ‘1’hc  f i r s t  h m o s t  s i g n i f i c a n t  Olltl>llt

b i t s  ot’ each c(>ll~’ollt(i(jtl:tl code art o n l y  conncclcd

to Ibc sbif( rcgis(cr of tk ‘1’(’N4 LUKXKICI  and are not
mfippcd to the  nmdLllati On s i g n a l s .  ‘1’hc  la$t b + I

IC:ISI s i g n i f i c a n t  ootput bits bowcwr are m a p p e d  to

the olOdLllation signnls.  ‘Ibis tncthod requires at Ienst

two interlcawrs.  I’bc f i r s t  intcrleavct pcrlnotes lhc

b least s ign i f icant  input  b i t s .  ‘1’his intcrleaver is cor~-

nectd to t h e  b  m o s t  s i g n i f i c a n t  b i t s  of the second

‘1’~M encmlct.  ‘1’hc second  interlcavcr  pcrtnutes  the
b most  significant inpLlt bits. ‘Ibis  intcrlca\’cr  is then
connected to the b least  significant input bits of the
second  “1’~M encoder.

‘lk~ ex tend  tbe asymptot ic  resu l t s  we o b t a i n e d
I’m binary  n]oclLllation to h~-ary Modulation (e.g.
hlf’SK),  [et x, ICpI”CSCllt  thC SC(lllCIICC  of M-aIy
mtput (com[)lcx)  symbols {.xl,  j ) of trellis CO(IC i
(i == 1, 2). Cbmplcx  symbols bavc unit average
J)(w’er. I  d X’i rcprcscnt a n o t h e r  SC(lLICIWC  of tbc

oLltpLlt symtmls  (xl j } for i == I, 2. ‘1’tlcn the asyn]}l-
totic rcsLllt in ( I z) sboLI]d b e  m o d i f i e d  to

[

I
}),,(e) N /{N”  ‘ r]

‘- -“-1 x
,1, <,,, I - t  I.rl,n, .q,,,, l%+f(,

n[ 1

,,2<,,2  I + l-x2, r,, - xj,,,, I?R( :;;“1
where ,  Ior  i = I, 2, q, is the set of nll lli will) tbe
Snlallcsl  cardlnality  d{, /,,/ / SLICb  that  1,,,,, #  A“:,r,,

‘1’hcn (Ii, /,,11 represents tbe minin]Llnl (M-ary sytll-
bol) IIamming  dis(ance  of trellis code  i (i = 1,2)
cc~llcs}~ot~{lirlg to input FI(lrllillirlgclist:tttce 2 between
binmy  inpLlt scqLlcnces that produce d,, /,,/1. ‘1’bc
di, 1,,11, i = I, 2 is also called  the minimLinl  diver-
sity of trellis code i. We note that the asymptotic
result on the bit emr raIc is inversely proportional
to the pt-mluct of the sqLmrd  Iioclidcan  distances
along  the error event paths  which result in d;, j,(,jj
i= I ,2, “1’hcrcf’orc tbc cri  Iet-iOn for optimi~alion  of
tbc component  trellis codes  is to maximi~e  the nlin-
imunl diversity of the coclc and tbcn maximize the
prodLlcl of tbe squad liuclidean distances which
result  in lnininlLlnl di\’er-sity.

4 . 2 .  2  bil.sAcdllz I’CI’CM bt’itll  &’1’SK f<jt AIVGN
fltd I,iditlg  C/~dtltlf’ls

‘1’bc code  we pr(ymse  has b = 2, and employs RPSK
modulation in connection with two $state, rate  4/5
constitLlenl codes. “1’he selected  cocle uses  reordered
nmpping:  If 1~1, h 1, b(l represents a binary label  for
natutal  mapping for 8PSK,  where bz is the MS]]  and
IM is the I S11,  then thcreordcrccl  mapping is given by
bj, (/Jz-l b,), b(,.  ‘1’IK  efl’ectivc IiLlclidcmn  distance of
this C(KIC is A’;,,,, D 5. I 7 (Llnit-norm constellation

is awLIn~ccl),  osing  two interleaves.
“1’he strLrc[Llrc  of this code  is s}rowo  it] Iiig. 6, and

its Blil< lot- AWGN and  Raylcigb fading  channels in
]~ig. 7. ‘1’he si~e of each iotcrlcavcr  is 8192 bits.

.

IIg  (I.  }’iLIallcl  C’wlciItcIInlL,d  1 Icllis CO(ICCI  Nl(xlulatinn. Xt’SK,
2 hit,lwcit  [/

5. Serially Concatenated Convolutional Coclcs

‘1’hc stl-Llcture of a set-ially concatenatec[  con\lolLI-
tion:ll code (SOX) is shown in B’ig. 8. l:igLlrc  8
refers to the case of two cmlvolL!timull codes, the
oulct code  C’,, w i t h  rate  h’; =- q / p ,  and tbe inncl-

C()(IC  (~j  with rate R: = p/ttl, joined by an intcr-

lcaver of lcngtb  N bits, generating an SCXT  ~$



.
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6 0 70

with rate  R( = k/tt. Note that  N must be an intcgct

m u l t i p l e  of p .  ‘1’be  input block  si~c  is  ,( = Nq/1}

and  tbe oLltpLlt  block size of S(XT is H = NtI~//j.
. – —  — — — . .  — .  — _  — _ _ _  _ _ _ _  ~

-Kzl=EEiKslE
I_ — _ —  — —  — - . . . — — —  -.—————— — j

I;Ig  8 Scriol Comdcwdul  Comduli{oual  (’ok (SUK’)

With tbe  knowledge of tbc  A f~l f’01 the ollte~ COCIC,

A:’;, fottbc innet cmlc,  and using (6), the IOWC A~~,l
lo~ SCCC  can be obtainccl as

Ew//~lplc 2. COnsidcr a WC 1/2 S[XT fcmml  b y
a 4-state convol  Lltional  code (;(, with rate I/2 a n d

an inner 2-state cotl\’olLltior]:ll code  C:, with talc 1/1

(this is obtained by not sending the systematic bi[s of
ttlc rate I/2 ~i convolutional CO(IC).  ‘1’be two CO(ICS

we joined by a uniform interlcavcr.  lnpLlt blocks  of
[cngtb N = 50, I(N and 256 WCIC considcwd. ‘1’be
outer code is a nonrccursive  cdc, tbe innct  code
is systematic and tccLltsivc, and tbe generators are
shown in I;ig. 9. ~Jsing the previously outlined anal-
ysis 101 SK(;, wc bavc obtained tbc bi(-crmr pl(Jl>-
ahility  bounds  sbmvn in I;ig,. 9. ‘1’IIc  pCIf(WIIIa I~CC

was  obtained both for AWGN and IGtylc]glt  fading
cbanncls.  Gmparing to l;ig. 4, tbe pcrlbt-lnance  of’

S~(K’  is better tb;m 1’CCC  botb  over AWGN and
Ming cbanncls.

~Jsing (6) wc obtain crlf and tbe corresponding
outpLlt w,cigbt h(@M). If tbc innct  convol Lltional

H

(/; -1 I
Code i s  ldCLll”si\’c  t h e n  ~lf ‘= -  ‘Z-– w}lcrc (/;
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l’Ig 9. I’CII(IIIIIXIICC  ofltlte 1/2 S(’CC’CIVCI  A\\’Gh’ and  I{:lylt.igll
I’o{ling  CII;IIIIICIS

is tbe Ircc  (mini  mutn)  distance of tbe oLlter con\o
lLltiotlal  code.

‘1’bc VtllLIC  O( o’~f shows ttmt tbc cx[mncnts  oi’ N
al-c al\vays  negative i ntcgers. ‘1’bLIs,  tot all  /1, t b e

cocflicicnts of tbe exponents  in II decrease with N,
‘1’ ‘“ ‘“and \vc always  I<tve a n  Intetlcavlng  gain

I)cfine  d;,,,, il~ [be nlininlLlnl weight  of coCle-
WOKIS of tbe’innet code generated by wcigtlt-2  inpLlt
seqLiences, We obtain a dillertnt weight )1 (wfif) for
c\’cn and odd Vdllles Of’ (1;. l;or even d;, tbc weight

h (fk’hf) associated to tbc big best exponent of N is
gl\Tll  by

(1;([) ,,,,
A (aJf ) = ––i> (14)

}iw d; odd, tbc value of h(cr~l) is .givcn by

((/; - 3)(/;,(,, ,
/l(crA/) =- – -~ -“–-=  - 1  /1:;) (15)

Yvlmc /tj,~) is tbe nlinimum weight  of sequences  of”

the inner  code  gcncratcd  by a wcigbt-3  inpLl( se-
quence.

‘1’hlls, sLlbstituling tbe Cxponcnt o’1~ into tllc CX-

prcssirm  for bit etm rate in (5) approximtd  by
keeping only tbe tcm of’ tbc sutumation  in II corre-
sponding  to }~ =- II (aM)  yields

wbele  Ii is a constant independent ol’ N.

6. Serial Concatcnatecl Trellis Coded
Modulation

‘[’fle basic  strLIL’tLlre o f  sel’ia!ty Cmwalcnatd  trcliis
coded  nlodLllation is shown in l:ig.  IO.
We propose  a novel methoci to design serial coll-
catcnatcd  ‘1’(~M  for Raylcigfl  fading  c}lanncls,  which



[ig. IO. Block  I )iqwl))  of Itk’ r:lxmdrl fu SL’ILII C(mc:llcl):llc(l
‘1 Icllii  COW  hloduldion.

achieves h bits/see/k  Iz,, using a raIc 2b/(2h+ I ) notv
recursive binary cor~volutimal  enccdcr with maxi-
t])um free  }Iamming  distance as miter cmlc.  W e
inldcave tbc  output of’ the outer cock with a r2itk

dom pcrmu(aticm.  ‘1’hc inktlcavc(l data enters  a ralc
(~~j + ] )/(2ij + 2) rccLlrsivC  c(~ll\’(JILlti(Jtl:ll inner  em

C(dC1. ‘1’tlc 21) i 2 OUtpLlt bi ts arc mappc(l  t o  t w o

symbols belonging to a 2“ + 1 level mdula(im (fOLlr
dimcnsimal  modulation). in this way, wc ate  Llsing
21) inf’mmatim  bits for- every  IWO m(dLllatim  sym-
bol intervals, resulting in b bit/seclllz  tramsmissim
(wkn ideal Nyquist  pulse shaping is used)  m, in
Otbcr winds, b bits per mOdLllatiOrl sytnkl. }1’m the
AW{;N  channel the inner code  ard the mapping are
jOinlly Oplinlid  based  rm maxim izir)g tbc  eflec-
tivc liLlclidc:tr~ distance of the inner  ‘1’[IM.  ‘1’k q~-
timunl  2-stale  inner trellis cde is sbmvn in I;ig. 11.
‘1’be eft’ective lklidcan distance Ollllis  cmle is I .76
(fot  unit norm con$tcllatirm)  and its nlinimum  M-ary
}I:lmmit]g distatlcc is 1.

b4-  w
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b3>~ ● x ,

6,1. Iksigtr Ctitet-ili for S~l’~M Otcr Rctylcigli
bhditlg  Cliatltrcl.r

‘lh extcn(l  tbc  asymptot ic resul ts  obtained for

bir]aty tnodulatiorl to to M-ary m o d u l a t i o n  ( e . g . ,

Ml’SK), crikriu similar to those discLlssed lot- pala-
lel cw~catenuted  trellis coded  rnmlulation  (IW”I’(:M)
are nmv appl icd tO serial cmmtcnatcd t tcl I is cmlcd
modulation  (SO’~h4). ‘1’he interleaving gain is still
A,- L(’/;-l 1)/2~ , t]mvcwcr nmv tbc mitlim Llm diversity

1/” 1/’ ((/” 3),/’
is ~-~~ i’w even d;, and --~ ‘M -1 h$,:) fOr O&l

d;, where  d),{,,l represents (I]c rnit~itn  Llm (hl-ary
symbol)  Hamnling  distance of tbc inner trellis crdc
cOrrespOndit]g tO inpLlt  Hamming distance 2 between
binary  input sequences tO the ttcl  I is cd that pro-
duce d~, p,j. ‘1’beref’cwc tbc critcrim fOr Opt iruizi ng

tbe innet- trellis cmk in SO’~M is to maxlmim the
minimum diversity Of the cmlc  and tbeo  maximize
(be pmlLlct  Of the sqLiared lkclidcan distances which

rcs Lilt in lllitlimL\nl di\wr-sity. l;O1 m l d  d“,, first \ve

makimix, e d; ,,,, , then  among the cmlcs v.’itb maxi-

‘3) the minimum (hf-arymurll flj ,,,,  , we maximile h,;, ,

symbol) }Iamming  distnncc  of the inner- trellis code
collcsr~otl(lit~g” to inpLlt Hamming distance 3 between
binary input seqLlcr~ces to tbc trellis c(de that plC)-
dLlce  h$,~).  As is sem from the ptcvioLls resLllts, large
d; prOd Llces large interleaving gairl ad diversity.

6.2. Ik.vigtr h!ctlmd  for  ltrtrct 7’CM

“lb i I lLlst rate tbe design rnetbOdOlOgy  we devclOped
the following  example. 1,e( tbecigbt  phases  of 81’SK
7ri/4, i =0,1,..., 7 be denoted  by {(), 1,2,3,4, S,
6, 7]. C’msidcr  tbc 2x81’SK signal  set A{, = [ ((), O),
(1, 3), (2, 6), (3, l), (4, 4), (5, 7), (6, 2), (7, 5)].
liacb element in tbc  set has two c(m]p(mctl(s.  The

second  Lwrupmwnt  is 3 times tbe first Orm  tllo(lLIlo” ~.

Also  crmsider  tbc 2x81RK signal  set ti[) = [ ((), O),
(1, 5), (2, 2), (3, 7), (4,4), (5, l), (6, 6), (7, 3)].
lkcb elerllc.tlt in the set has tvw cmpmcnts. ‘1’hc
sccwrd  cOmpOnerlt  is 5 t imes the first Ot)e rnOdu10
X, I;m these  sets,  t h e  Elamming  distance bct\vccr~
eletllerlts  in each set is 2, ad the mirlimLltll Of the
prmluct  Of sqL141e  }luclide:in  distances is tbc largest

possible.

‘1’bc follmving  sets arc cm~strLlctcd Ir-om A() ard
l;(, as: A2 = A (, -1 (O, 2), Ai = A(I -t (0,4), A () =
A() -{ ((), 6), Al = B() + (0, l), As == B(I -f ((), ~)>
AS == };(, + (0, 5), A7 = fl(, + ((), 7), where  m-
dition  is cotlll>(J1~etlt-\\’ise  IIKJ(ILIICJ  ~. M a p  tile f i r s t
and Iiist  2 bits 01 inp Llt labels to tbe 8P. SK signals  :IS

( ( ) ( ) , ( ) ( ) , ( )1 , ( )1 ,  11, 11, lo, 10)  ❑ > {(), 1 , 2 , 3 , 4 , 5 ,
6,7).

“1’he fillb bit for tbe input label  is tbc parity check
bit, Use atl cvetl parity  check bit f’m signal  sets
Ao, A4, A 1, As nr~d an odd parity check  bit for signal
sets  A2, A(,, As, A7. ‘1’his completes the inpu( label
assigt]ntcnts  tO signal  sets.

Nmv the }I;irllmit~g  distance between input Iabcls
for MCI] set A i i=(), 1,2,...,7, is at lea\t 2 and tbccor-

rqxmding M-ary  }Iamming  distance between sig-
nal elements in each set is 2. Ckmsidet- a4-state tt-cllis
cde with full trilnsitim. Assign A(,, A2, AJ,  A6, to
the fit-st state, and A j, A3, Af, A7 to the second  state,
and perrnLltati Orls Of these sets tO tbc third and fmrlb
states. ‘1’bis completes the inpLlt label  and 2x81’SK
signal  set awigrlrncnts  tO the edges Of’ the 4-state
twllis. ‘l’tlcrcf’Ot-c the minim Llm Hanlming  distance
of tile 4-state trellis cmle is 2, At this point  to obtain
a circuit that  generates this trellis we need tO use an
OLltput Iabcl. we used redcrd rni!ppi ng a\ it w’a$
disL’Ll\sed before  to obt:lin the circ  Llit f(J1 the cnudet,

The illlpletllctll:lti{)rl Of tk 4-state inrler trellis
code  is sl]mvtl in l~ig. 12. “1’he ROM maps 32 ad-
dresses In the range  Of O K) 3 I tO a single  mltput.
‘1’be 32 binaty  mltp Llts can bc sLlmmari~ed in hex a\
3A53A<’<’5.
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IIF 12 .  4-WI(C  illncr  trclli\  cncodcr  fw SC’I’CM  with  2x8PSK
IImdulilliorl  fo[ Roylcigtl  fadIfIg.

7. Simulation of Serial Concakmatcd ‘Ihllis
Coded Modulation with ltcrativc I)ccocling

In this scctitm  tbe simulation rcsLIIK for serial cow
catcnzrtd l’~M, with 2x8PSK  o v e r  the Raylcigb
lading  c h a n n e l  arc prescntcci  1 ‘or S(~”I’C~M WIII1
2x8PSK,  tk mltet” cock  is a rate 4/5, 8-state nmllc-
cLlt-sivc  cOtlvol  Lltiotlal encoder with d; = 3, ad the
int~ercode  istbc4-state ‘1’~M designed for2x81JSK
in subsection 6.2. ‘1’hc bit error  probability vs. bit
sign:ll-twnoise ratio  l;l, /N,, for  various numbers of
iterations is shown in liig.  13. ‘1’tw pet-lormdnce
01 tbe inner  2-state code  in };ig. I I is also shown
in l~ig. 13fot-  the  it~Jmt block  of’ 16384 bits. ‘1’his
cxampJc  ckrmnsttatcs tbc powct  and handwid[b  cl-
ficicncy  of SO’~hI,  over a Raylcigb  fading  channel
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lIg 13.  I’crfm  IIIMICC of Serial  C’OIICJICII:IICC1  T’lc[lis  Coded  h’fc)cl-
Llklt ion, X-SMC omr, 2-SMC  or4-sMc  inwr,  wi(h  2 x8PSK,
2 hit./scc/l  Iz

K 1 Iybrid concaknatcd  convolutional codes

‘1’lm hybt  id strwctLlrc  shown  in I:ig. 14 inclLdcs
a l)(itallel cotl\’c)lLltiotJz(l”  code ~,, with M(C R/’ =
k/ii I and e q u i v a l e n t  block  code  rqmscntalim
(NI /R/’, NJ), an oMlcr (NJ/R:’, N,) code  ~,, with
rate  R; = /i/p, (this  code  wm  be a rqetition COLIC),

:111 i/I/tc/  (Nj/R~ , N2) C(KIC Ci with  I:IIC  R; = /)/t12,

plLIS  a  N I  -bit and a  N2-bit intcrlc:t}cr,  ‘1’his gives
an llUT w i t h  owt-all  rate  /t( = k/(/I I + 1~2). In
special ca\e tbe oLltct code  catl be a repetition cde.
I:LII-IIICI  if tbc pamilcl  code is ralc 1, l-state code
(no code)  we obtain sellcor~catcl~:ltc(l  cmlc  which is
discussed in the acxt  section.

llsing (6) we obtain

‘1’be coct’licicnts  A~~j, cm be obtained by sLItu-
(’,,

[llltl~ Al,’, /,1,/,2 OVCI  all h I, and hl sLrcb that }1 I -1 hj =

Il. A:,:’, “Is the nLImbcI  ofcodewwrds  01 (~,, of weight
1 givci~ by tbc input scqLwr~ccs of wcig,bt u). Ar~al -

c~gous  cleflt]ltit)n$  apply  t’or A~j~,,, c,and AC,,, ? \$Ie
Ilave COIIIpLItd the b(JLlrd  in (  I )  ova AVV’GN  for
a specific rate  1/4 11OX formed by a 4-statC c~ll
(r-cc Llrsi\’c, systcmalic, R/’ = 1 / 2 ) ,  where, as i n
“turbo  codes”, the systematic bits at-e not tt-arlsrnit-
td, a 4-state (:,, (Iml”cclltsivc, R: :==  I / 2 ) ,  and
a  4-state  (~, (tccLlrsivc, s y s t e m a t i c ,  t{: == 2 / 3 ) ,
joined b y  two it]tet-leavcts  of lengths  NI  =  N
and N2 =- 2N. ‘lk l-cspcctive  gemratot-  nlnttices

1
1, _! I /)?al’c ][l-1/J  l/~ ‘

1-1 /) -1 /)?, I -1 1)~ ], and

[
1,- 0, (I  -I  l~z)l(i -1 l) -1 l~z)
(1. 1, 1( I -1 1))/(1 -1 1) -1 1)?) ‘1’hc lII;R  pcl”lol-

mance  boards show a very significant interleaving
gain , i.e., lower  valLIes  of llIiR lot higher  va-
Lrc\ of’ N .  A t  1~1, /N(, = 3 dtl, BliR  is 3 x 10 ‘,
8 x 10”7, 4 x 10-(), 10” r(’, and 2 x 10” rr, for’
N =-. 20,40, I ()(), 200,”300,” rcsJmctivcJy.  SimLl-
Iatiot] of t h e  proposed  itct-dlive dccmlet- prodLlced
llliR= I ()’ 7 al ii/, /N,, = 0.2 d}], with J 5 itmitior~s
ad N u 16384, as shown  in liig. 14.

‘Ii) cvalllalc  cr~f, again  \\’C LISe ( lo), 11’  CT;  is norlrc-
cLlrsive, atd ~,, or C’,, ate nonwcursive  then we have
aM > 0, and irltcrleaving  gair~ is llOt allmvcd.  If C;
i s  not)rcc  Llrsive, and both CT,, and (’,, are  rec Llt-sivc
lhcr~ we have  LYM = - 1, aod itltcrleaving  gain is
:I!low’ed,  :ls fol “tL1l’bO  C(dCS”.  ]t’ ~i is IcClll Si\’e, ad



~,, is nontwursiw  W’C Ilave Q’M 5 - [(d; +  1)/2],

and inlerle:tving  gain is al Imved, as in serial cOnca@-
natcd  codes.  If ~1 is recursive,  and c,, is recursive

W’e tlaw rr~f .5 - [ (fl~ + 3)/2j, ancl interleaving

gain is bighcr  than for serial cmuknatcd  cOclcs.
Bad cm tbc abmw analysis, in order to achieve the
highest interleaving gain in H~CXk,  wc sbmlld  sc-
Iect tbe cOnlpOnCnt crdes as follmvs:  a rccarsi\c (i;
a rccui-sive  C,); C,, can bc either nonrwursiw or re-

cursive hLIt shoLtkl  have !arge d;. Next wc consider
(be weight  h(cr,!~) wbicb  is the SLIIN oloutpu[  wcigbts

Of ~j tllld  L’l) a s s o c i a t e d  tO tbC bigbest  CXpollCll( 01

N. WC have h (alf ) = d~d~c,, /2 4 d~~,,, fOl d; e v e n ,

and /1 (Lljf) =  ((/; 3)d:c1,  /2 i /1$,;) - !  d::ll , t’(~~ q

odd, whet-e h!,;) is tbc nlinimum  wcigbt  Ofcmlcwmds
of (;, generated by a weight 3 input sequence, and
(/;,,, , and d,~l,, arc the cfl’cc(ive free  distances of ~,
and c,,

9. Self-Concatenated Coclc

Gnsider a self concatenated cmlc  as shown in
l~ig. 15. ‘Ibis  COCIC  can be considered a~ special case
ot’ bybricl concatenated code when tlw mtcr-  cdc is
rate  1 lp repct  it iml cmk, and parallel code is a rate
1, I-state cmic  (nO cdc). Since me nmtt-ivial  code
is used we Cal I it sclt” concatenated cock

_—— — ——+

‘ag:y3J==-11
‘r

FI& ! 5. A sc!l COIIC:ItCIIalL’d  CO(IC

lk)t- a rate 1/p rc.petition cnde  and i[s N conc:itc-

nation  we have A~l =
( )

~ ; 1 =: uJl~ , and Y,em

crthcrwisc.  LJsing ( 1 ), and (6) we can obtain

~lsi!~g(lo)wcobtaitla~~ = mttxu,,t,(u~+ j- puI - 1 ],
wbcrc  j is nLlnlber Of concatenated cum’ e\’cnts  in
cde ~. If tbe interleave is split intO p parts  cOrrc-
spcmling  (0 tllc miginal d:ita and its p - 1 duplicates,
tile C(XIC will be eqLlivillcnt to n~L]ltiple tLlrbo codes.
‘1’he case Of ~~ = 2, with strLlcturcd intdcavct whlcb
dOcs nOt rcq Ll ii-e t rel I is terlninat  im was prqmsd  by
llmoLl  [8] with god pcrfmmance {or sbmt  blocks.

9.1. 71)c hlm~ittllittl Exjxvlctlt  of N

I:m a ncmt-ecLlrsive  convol LltiOnal encoder, wc ba\e
j S puJ. in this case u~f > (). ‘1’bus we bavc  m
it ffctlcflt’ittg  gflitl. 1 Iowcvcr,  for recursive cxmvw
lLltinniLl  encdet ~, tbe n~ininlLlnl  \\cigh[ of inpLll
scq L]cnces generating crmr events is 2. As a c(Jnsc-
qLwncc, an inpLlt sequence Of wcigld  pu) can get]-

cratc  at n]m( j = [~ j error events. In this case
tbc exponent  of N is negati\’c.  ‘1’tlLls, w’e tlave  an

ittfftlml’iftg gylirl. l:m  p = 2, tbc  nlakinlLlnl  expO-
ncnt of N is - t, and the nlininlLlnl output w’eigh( is

/ 1  + w == (//,Cjl - t  I .  I;(M p = 3, tbc maximunl  exp(~-
nent of’ N is --2, and tbc  minimum output  wrci.gbt  is

/ 1  - 1  III = Afj) + I. }Iowcvcr,  if h == h~j) = co t h e n

t h e  nlinilnllm  output  wcigbt is A + uJ = llj,cjj -t 2.

1 0 .  Co]lclmsions

[;cncr:l]  analytical oppcr bOLlnds  and design rLllcs
for concatenated cmlcs  with intcrlcavcrs  over  AWGN,
and Rnyleigb  fading cb:mncis  were prescntcc{.
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